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Abstract. In this paper, we study the solvability for a class of vector variational inequalities
in reflexive Banach spaces. By using Brouwer fixed point theorem, we prove the solvability
for this class of vector variational inequalities without monotonicity assumption. The solv-
ability results for this class of vector variational inequalities with monotone mappings are
also presented by using the KKM-Fan lemma.
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1. Introduction

Let X and Y be two real Banach spaces, K ⊂X be a nonempty, closed and
convex set, and C ⊂Y a closed, convex and pointed cone with apex at the
origin. Recall that C is said to be a closed, convex and pointed cone with
apex at the origin iff C is closed and the following conditions hold:

(i) λC ⊂C, ∀λ>0;
(ii) C +C ⊂P ;

(iii) C ∩ (−C)={0}.
Given C in Y , we can define relations ‘�C ’ and ‘�C ’ as follows:

x �C y ⇔ y −x ∈C

and

x �C y ⇔ y −x /∈C.

If ’�C ’ is a partial order, then (Y , �C) is called an ordered Banach space
ordered by C. Let L(X,Y ) denote the space of all continuous linear maps
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from X into Y and T :K →L(X,Y ) be a nonlinear map. The vector varia-
tional inequality (for short, VVI) consists in finding x ∈K, such that:

〈T x, y −x〉�int C 0, ∀y ∈K,

where int C denotes the interior of C and a �int C b means b−a /∈ int C.
A VVI was first introduced by Giannessi [7] in the setting of finite dimen-

sional Euclidean spaces, later on, a VVI was studied and generalized to infi-
nite dimensional spaces by Chen [2, 3], Chen and Craven [4], Chen and Yang
[5], Yang [16–18]. In recent years, some generalizations of a VVI have been
further studied by many authors (see, for instance, [8–15, 19, 20]).

The main purpose of this paper is to present some solvability results for a
class of VVIs in reflexive Banach spaces by imposing some additional con-
ditions. By using Brouwer fixed point theorem, we prove the solvability for
this class of VVIs without monotonicity assumption. The solvability results for
VVIs with monotone maps are also presented by using the KKM-Fan lemma.

From now on, unless other specified, we always suppose that K is a non-
empty, closed and convex subset of a real Banach space X and Y is a real
Banach space ordered by a nonempty, closed, convex and pointed cone C

with int C 	= ∅. Let Lc(X,Y ) be the subspace of L(X,Y ), which consists in
all completely continuous linear maps from X into Y . Recall that a map-
ping g:X→Y is said to be completely continuous iff the weak convergence
of xn to x in X implies that the strong convergence of g(xn) to g(x) in Y .

For our results, we need the following concepts.

DEFINITION 1.1. A map A:K →L(X,Y ) is said to be monotone iff

〈Ax −Ay,x −y〉�C 0, ∀x, y ∈K,

where a �C b means a −b∈C.

DEFINITION 1.2. A map f :K →Y is said to be convex iff

f (tx + (1− t)y)�C tf (x)+ (1− t)f (y), ∀x, y ∈K, t ∈ [0,1].

DEFINITION 1.3. A map A:K →L(X,Y ) is said to be v-hemicontinuous
iff for any given x, y ∈K, the mapping t �−→〈A(x + t (y −x)), y −x〉 is con-
tinuous at 0+.

2. Solvability of VVI without Monotonicity

In this section, we shall present the solvability of a class of VVIs in reflex-
ive Banach spaces by using Brouwer fixed pointed theorem. First we give
some lemmas.
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LEMMA 2.1. [6]. Let M be a nonempty, closed and convex subset of a
Hausdorff topological space and G : M → 2M be a multivalued map. Sup-
pose that for any finite set {x1, . . . , xn} ⊂ M, one has conv {x1, . . . , xn} ⊂⋃n

i=1 G(xi) (i.e., F is a KKM mapping) and G(x) is closed for each x ∈ M

and compact for some x ∈ M, where conv denotes the convex hull operator.
Then

⋂
x∈M G(x) 	=∅.

LEMMA 2.2 [5]. Let Y be a real Banach space ordered by a closed, convex
and pointed cone C with apex at the origin and int C 	= ∅. Then, for any a,
b, c∈Y , one has

(i) c �int C a and a �C b imply that c �int C b;
(ii) c �int C a and a �C b imply that b �int C c.

LEMMA 2.3 [1]. Let B be a nonempty, compact and convex subset of a
finite dimensional space and F :B →B be a continuous map. Then there exists
x ∈B such that F(x)=x.

LEMMA 2.4. Let X be a real Banach space, K ⊂ X be a nonempty,
bounded, closed and convex set, and Y be a real Banach space ordered by a
nonempty, closed, convex and pointed cone C. Then, the following conclusions
hold:

(i) If T : K →Lc(X,Y ) is completely continuous, then for any given y ∈K,
the map gy :K →Y defined by gy(x)=〈T x, y −x〉 is completely contin-
uous;

(ii) If T :K →L(X,Y ) is continuous, then for any given y ∈K, the map gy :
K →Y defined by gy(x)=〈T x, y −x〉 is continuous.

Proof. (i) For any given x0 ∈K and ε >0, since K is bounded and T :K →
Lc(X,Y ) is completely continuous, there exists some weak neighbourhood
V1 of x0 in X, such that:

‖〈T x −T x0, y − z〉‖<
ε

2
, ∀x ∈K ∩V1, y, z∈K.

On the other hand, there exists a weak neighbourhood V2 of x0 in X, such
that:

‖〈T x0, x −x0〉‖<
ε

2
, ∀x ∈V2.

Let V =V1 ∩V2. It follows that

‖〈T x, y −x〉−〈T x0, y −x0〉‖�‖〈T x0, x0 −x〉‖+‖〈T x −T x0, y −x〉‖<ε
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for all x ∈K ∩V . This prove that gy : K →Y is continuous from the weak
topology of X to the norm topology of Y , i.e., gy is completely continuous.

Similarly, we can prove conclusion (ii). 
�

LEMMA 2.5. Let K be a nonempty, closed and convex subset of a real
Banach space X and Y be a real Banach space ordered by a closed, con-
vex and pointed cone C with apex at the origin and int C 	= ∅. Let T : K →
L(X,Y ) be a v-hemicontinuous and monotone map, and f :K →Y be a con-
vex map. Then, for any given x0 ∈K,

〈T x0, y −x0〉+f (Y )−f (x0)�int C 0, ∀y ∈K

if and only if

〈Ty, y −x0〉+f (y)−f (x0)�int C 0, ∀y ∈K.

Proof. Let x0 ∈K such that

〈T x0, y −x0〉+f (y)−f (x0)�int C 0, ∀y ∈K.

Since T is monotone,

〈Ty, y −x0〉+f (y)−f (x0)�C 〈T x0, y −x0〉+f (y)−f (x0), ∀y ∈K.

By Lemma 2.2,

〈Ty, y −x0〉+f (y)−f (x0)�int C 0, ∀y ∈K.

On the other hand, suppose that

〈Ty, y −x0〉+f (y)−f (x0)�int C 0, ∀y ∈K.

For any given y ∈K, we know that yt = ty + (1 − t)x0 ∈K, ∀t ∈ (0,1) since
K is convex. Replacing y by yt into the above inequality, one has

〈Tyt , yt −x0〉+f (yt )−f (x0)�int C 0.

It follows from the convexity of f on K that

〈Tyt , yt −x0〉+f (yt )−f (x0)

=〈T [ty + (1− t)x0], ty + (1− t)x0 −x0〉+f (ty + (1− t)x0)−f (x0)

�C 〈T [x0 + t (y −x0)], t (y −x0)〉+ tf (y)+ (1− t)f (x0)−f (x0)

= t [〈T [x0 + t (y −x0)], y −x0〉+f (y)−f (x0)].
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By Lemma 2.2,

〈T (x0 + t (y −x0)), y −x0〉+f (y)−f (x0)�int C 0, ∀y ∈K.

Since T is v-hemicontinuous and Y\(−intC) is closed, letting t →0+ in the
above inequality, we have

〈T x0, y −x0〉+f (y)−f (x0)�int C 0, ∀y ∈K.

This completes the proof.

THEOREM 2.1. Let K be a nonempty, bounded, closed and convex subset
of a real reflexive Banach space X and Y a real Banach space ordered by a
closed, convex and pointed cone C with apex at the origin and int C 	=∅. Sup-
pose that T :K →Lc(X,Y ) is a completely continuous map and f :K →Y is
a completely continuous and convex map. Then, there exists x ∈K such that

〈T x, y −x〉+f (y)−f (x)�int C 0, ∀y ∈K. (1)

Proof. If problem (1) is unsolvable, then for every x0 ∈ K, there exists
some y ∈K such that

〈T x0, y −x0〉+f (y)−f (x0)�int C 0. (2)

For every y ∈K, define the set Ny as follows:

Ny ={x ∈K : 〈T x, y −x〉+f (y)−f (x)�int C 0}. (3)

Since both T and f are completely continuous, it follows from (3) and
Lemma 2.5 that Ny is open in K with respect to the weak topology of X

for every y ∈K. By (2), we also know that {Ny :y ∈K} is an open cover of
K with respect to the weak topology of X. The weak compactness of K

(since K is bounded, closed and convex) implies that, there exists a finite
set {y1, . . . , yn}⊂K, such that:

K =
n⋃

i=1

Nyi
.

Hence there exists a continuous (with respect to the weak topology of
X) partition of unity {β1, . . . , βn} subordinated to {Ny1, . . . ,Nyn

} such that
βj (x)�0, ∀x ∈K, j =1, . . . , n,

∑n
j=1 βj (x)=1, ∀x ∈K, and βj (x)=0 when-

ever x /∈Nyj
, βj (x)>0 whenever x ∈Nyj

.
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Let p:K →X be defined as follows:

p(x)=
n∑

j=1

βj (x)yj , ∀x ∈K. (4)

Since βi is continuous with respect to the weak topology of X for each
i, p is continuous with respect to the weak topology of X. Let S =
conv{y1, . . . , yn} ⊂ K. Then S is a simplex of a finite dimensional space
and p maps S into S. By Brouwer fixed point theorem (Lemma 2.3), there
exists some x0 ∈S such that p(x0)=x0.

Define q:K →Y by

q(x)=〈T x, x −p(x)〉+f (x)−f (p(x)), ∀x ∈K. (5)

For any given x ∈K, let k(x)={j :x ∈Nyj
}={j :βj (x)>0}. Obviously, k(x) 	=

∅. It follows from (3) and (5) that

q(x)=〈T x, x −p(x)〉+f (x)−f (p(x))

�C

n∑

j=1

βj (x)[〈T x, x −yj 〉+f (x)−f (yj )]

=
∑

j∈k(x)

βj (x)[〈T x, x −yj 〉+f (x)−f (yj )]

�int C 0

for all x ∈K. Hence q(x)�int C 0 for all x ∈K. However, since x0 ∈S ⊂K is
a fixed point of p, from (5), one has

q(x0)=〈T x0, x0 −x0〉+f (x0)−f (x0)=0�int c 0.

This is a contradiction. Therefore, there exists x ∈K such that

〈T x, y −x〉+f (y)−f (x)�int C 0, ∀y ∈K

This completes the proof.

THEOREM 2.2. Let K be a nonempty, compact and convex subset of a real
Banach space X and Y a real Banach space ordered by a closed, convex and
pointed cone C with apex at the origin and int C 	= ∅. Suppose that T : K →
L(X,Y ) is a continuous map and f :K →Y is a continuous and convex map.
Then, there exists x ∈K such that

〈T x, y −x〉+f (y)−f (x)�int C 0, ∀y ∈K.
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Proof. The proof is similar to the proof of Theorem 2.1 and so is omit-
ted.

If X =Rn, then Lc(R
n,Y )=L(Rn,Y ) and complete continuity is equiva-

lent to continuity. By Theorem 2.1, we can obtain the following result:

COROLLARY 2.1. Let K be a nonempty, bounded, closed and convex sub-
set of Rn and Y a real Banach space ordered by a closed, convex and pointed
cone C with apex at the origin and int C 	=∅. Suppose that T :K →L(Rn,Y )

is a continuous map and f : K → Y is a continuous and convex map. Then,
there exists x ∈K such that

〈T x, y −x〉+f (y)−f (x)�int C 0, ∀y ∈K.

Now we give an example which shows that T is completely continuous,
but not monotone, and the corresponding VVI has a solution.

EXAMPLE 2.1. Let X=R,K = [−π/2, π/2], Y =R2, and C =R2
+. Suppose

that f ≡0 and T is defined by

T (x)=
(

sin x cosx

sin2
x −x

)

.

It is easy to verify that T is continuous, but not monotone on K, and 0 is
a solution of the corresponding VVI.

3. Solvability of VVI with Monotonicity

In this section, we prove some existence results for problem (1) with mono-
tonicity assumption by the well-known KKM-Fan lemma (Lemma 2.1).

THEOREM 3.1. Let K be a nonempty, bounded, closed and convex subset
of a real reflexive Banach space X and Y a real Banach space ordered by
a closed, convex and pointed cone C with apex at the origin and int C 	= ∅.
Suppose that T :K →Lc(X,Y ) is a v-hemicontinuous and monotone map, and
f : K → Y is a completely continuous and convex map. Then problem (1) is
solvable.

Proof. Define two multivalued maps F,G:K →2k as follows:

F(y)={x ∈K : 〈T x, y −x〉+f (y)−f (x)�intC 0}, ∀y ∈K

and

G(y)={x ∈K : 〈Ty, y −x〉+f (y)−f (x)�intC 0}, ∀y ∈K.
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Then F(y) and G(y) are nonempty since y ∈ G(y) ∩ F(y). We claim that
F is a KKM mapping. If it is not the case, then there exist a finite set
{y1, . . . , yn}⊂K, and ti �0, i =1,2, . . . , n with

∑n
i=1 ti =1 such that:

y =
n∑

i=1

tixi 	∈
n⋃

i=1

F(yi).

Hence,

〈Ty, yi −y〉+f (yi)−f (y)�intC 0, i =1,2, . . . , n.

It follows that

0 =〈Ty, y −y〉+f (y)−f (y)

�C

n∑

i=1

ti〈Ty, y −yi〉+f (y)−
n∑

i=1

tif (yi)

=
n∑

i=1

ti [〈Ty, y −yi〉+f (y)−f (yi)]

�intC 0.

It is impossible. So F is a KKM mapping. Further, we can prove that
F(y)⊂G(y) for every y ∈K. Indeed, let x ∈F(y), i.e.,

〈T x, y −x〉+f (y)−f (x)�intC 0.

Since T is monotone,

〈Ty, y −x〉+f (y)−f (x)�C 〈T x, y −x〉+f (y)−f (x).

By Lemma 2.2,

〈Ty, y −x〉+f (y)−f (x)�intC 0.

Hence F(y)⊂G(y) for every y ∈K, and so G is also a KKM mapping. It
follows from Lemma 2.5 that

⋂

y∈K

F(y)=
⋂

y∈K

G(y).

Furthermore, we know that G(y) ⊂ K is closed with respect to the weak
topology of X since f is completely continuous and T maps K to
Lc(X,Y ). Since X is reflexive and K ⊂X is nonempty, bounded, closed and
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convex, we know that K is weakly compact and so G(Y) is weakly com-
pact in K. By Lemma 2.1,

⋂

y∈K

F(y)=
⋂

y∈K

G(y) 	=∅.

This implies that there exists x ∈K such that:

〈T x, y −x〉+f (y)−f (x)�intC 0, ∀y ∈K.

This completes the proof.

REMARK 3.1. In Theorem 3.1, Lc(X,Y ) and the complete continuity of
f cannot be replaced by L(X,Y ) and continuity of f , respectively. Indeed,
we can only prove that for every y ∈K,G(y) is closed with respect to norm
topology of X without convexity of G(y) if T maps K into L(X,Y ) and f

is continuous. So G(y) need not be weakly compact.

If the boundedness of K is dropped off, then we have the following the-
orem under certain coercivity condition:

THEOREM 3.2. Let K be a nonempty, closed and convex subset of a real
reflexive Banach space X with 0 ∈K and Y a real Banach space ordered by
a closed, convex and pointed cone C with apex at the origin and int C 	= ∅.
Let T :K →Lc(X,Y ) be a v-hemicontinuous monotone map and f :K →Y be
a completely continuous and convex map. If there exists some r >0 such that

〈T z, z〉+f (z)−f (0)�intC 0, ∀z∈K,‖z‖= r, (6)

then problem (1) is solvable.

Proof. Let Br ={x ∈X :‖x‖� r}. By Theorem 3.1, there exists xr ∈K ∩Br

such that:

〈T xr, u−xr〉+f (u)−f (xr)�intC 0, ∀u∈K ∩Br. (7)

Substituting u=0 into the above inequality, one has

〈T xr, xr〉+f (xr)−f (0)�intC 0. (8)

Combining (6) with (8), we know that ‖xr‖<r for some r, For any y ∈K,
choose t ∈ (0,1) small enough such that (1− t)xr + ty ∈K ∩Br . Substituting
u= (1− t)xr + ty in (7), one has
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〈T xr, (1− t)xr + ty −xr〉+f [(1− t)xr + ty]−f (xr)�intC 0.

Since f is convex,

〈T xr, (1− t)xr + ty −xr〉+f [(1− t)xr + ty]−f (xr)

�C t〈T xr, y −xr〉+ (1− t)f (xr)+ tf (y)−f (xr)

= t [〈T xr, y −xr〉+f (y)−f (xr)].

By Lemma 2.2,

〈T xr, y −xr〉+f (y)−f (xr)�intC 0, ∀y ∈K.

This completes the proof.
By Theorems 3.1 and 3.2, we can obtain the following results:

COROLLARY 3.1. Let K be a nonempty, bounded, closed and convex sub-
set of Rn and Y a real Banach space ordered by a closed, convex and pointed
cone C with apex at the origin and int C 	=∅. Suppose that T :K →L(Rn,Y )

is a v-hemicontinuous monotone map and f :K →Y is a continuous and con-
vex map. Then, there exists x ∈K such that

〈T x, y −x〉+f (y)−f (x)�intC 0, ∀y ∈K.

COROLLARY 3.2. Let K be a nonempty, closed and convex subset of Rn

with 0 ∈ K and Y a real Banach Space ordered by a closed, convex and
pointed cone C with apex at the orgin and int C 	= ∅. Let T : K → L(Rn,Y )

be a v-hemicontinuous and monotone map and f :K →Y be a continuous and
convex map. If there exists some r >0 such that

〈T z, z〉+f (z)−f (0)�intC 0, ∀z∈K, ||z||= r,

then there exists x ∈K such that

〈T x, y −x〉+f (y)−f (x)�intC 0, ∀y ∈K.
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